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Micron-size charged particles can be easily levitated in low-density plasma environments. Such
“dusty plasmas” are often used as laboratory models to investigate condensed matter and statistical
physics phenomena at the single-particle level. At very low plasma powers and pressures, individual
grains levitated in the plasma sheath have been observed to spontaneously oscillate around an
equilibrium position where gravitational forces balance electrostatic ones. While this behavior has
been reported by numerous studies over the last few decades, a self-consistent dynamical model that
accounts for the principal characteristics of the oscillations remains elusive. Proposed mechanisms
include variations in the plasma number density, stochastic charge variations, and delayed charging
of particles. Using a combined experimental and numerical approach, we test each of these models.
Our experimental data clearly shows that the oscillations do not result from either inhomogeneities
in the plasma or stochastic charge variations. Combining Langmuir probe measurements and a
model for the delayed charging of a particle and the equilibrium charge variation in the sheath, we
can numerically reproduce the vertical motion of a single particle.
I. INTRODUCTION
Dusty or complex plasmas, consisting of microscopic
particles immersed in a weakly-ionized gas, are ubiqui-
tous in the natural universe and play important roles in
man-made systems [1–5]. Exposed to a plasma environ-
ment, particles gain charge by collecting discrete ions and
electrons on their surfaces. As electrons have a substan-
tially higher temperature than ions do, particles attain a
negative charge - usually thousands to tens of thousands
of elementary charges. The interaction energy of neigh-
boring particles supersedes their thermal energy, yielding
a strongly coupled system that, depending on the confine-
ment strength, can self-organize into crystalline (Fig. 1a)
or gas-like (Fig. 1b) states [6, 7].
Because of the weak hydrodynamic dissipation of the
surrounding neutral gas, the dust particles also experi-
ence under-damped dynamics, instabilities [8], and var-
ious nonequilibrium phenomena [9, 10]. For example,
dust-forming plasmas exhibit predator-prey oscillations
reminiscent of those commonly observed in natural sys-
tems [11].
Emergent dynamical behavior relies on the ways in
which particles source energy from their environment.
The system is not in equilibrium; the particles gain en-
ergy through Coulomb interactions with the ions and
electrons, but dissipate energy mostly through collisions
with neutral atoms. Perhaps the simplest illustration
of this behavior is the spontaneous vertical oscillation
of particles suspended in an rf plasma sheath [12–19].
These oscillations are often initiated once the pressure
is reduced below a threshold value. The amplitude of
motion, typically a few millimeters or less, is inversely
proportional to the pressure. More recently, these verti-
cal oscillations have been identified as the driving mech-
anism behind a recurrent melting and recrystallization
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FIG. 1. Images showing the existence of both crystalline (a)
and disordered, gas-like (b) states. The scale bars are 5 mm.
(c) Sequential frames from a video showing large amplitude
vertical oscillations of a single particle. All images have been
processed for clarity.
cycle of a dusty plasma crystal composed of hundreds
of particles [9]. The characteristic timescale of switch-
ing is ∼ 100 seconds, which is much larger than any
single-particle timescale in the system, such as the in-
verse damping rate of the particles (1/γ ∼ 1-5 s) or the
vertical oscillation period (1/f0 ∼ 0.1 s). This emergent
phenomenon can serve as a model to study similar dy-
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2namics in more complex systems [20]. Nevertheless, the
underlying mechanism by which individual particles gain
energy remains elusive.
A number of mechanisms have been proposed and ex-
plored in the last three decades to explain the origin of
the vertical oscillations [19]. Nunomura et al. [12] pro-
posed a delayed-charging mechanism that requires the
equilibrium charge on a particle, Qeq, to increase with
height in the sheath (i.e. dQeq/dz > 0), leading to an ef-
fective “negative damping”. The threshold for this mech-
anism was given by Ivlev et al. [13], who also showed that
stochastic charge fluctuations can parametrically cou-
ple to delayed charging to induce oscillations for small
particles. Samarian et al. [15] observed oscillations at
higher pressures and suggested both spatial variation of
charge [16] on the dust and boundary effects near the
rf electrode. Finally, Resendes et al. [17] and Sorasio
et al. [18] suggested a model based on fluctuations of
the plasma sheath environment. In addition, an anal-
ysis of the motion of single particles showed a strong
reduction in the effective damping rate, consistent with
a delayed-charging mechanism [21]. Thus far, a lack of
robust experimental data for the particle motion, cou-
pled with the inherent complexity of low-density plasma
sheaths has prevented a consensus on the origin of the
vertical oscillations.
In this article, we present detailed experiments and nu-
merical analyses designed to test these proposed mech-
anisms. Our observations show that single particles can
oscillate with amplitudes as large as 1 cm at low pres-
sures. The motion is highly anharmonic, yet the ampli-
tude is remarkably constant over several minutes. The
oscillations are initiated at a threshold pressure, typically
below 1 Pa. Such behavior is consistent with a “negative
damping” mechanism where the effective damping con-
stant changes sign. The threshold depends on particle
size and the potential drop in the sheath. We character-
ize the plasma environment and sheath potential using a
Langmuir probe and find no appreciable fluctuations at
low frequencies that may affect the particle motion. Our
numerical simulations suggest that stochastic charge fluc-
tuations are orders of magnitude too small to give rise to
such large amplitudes of motion. We find that the model
of delayed-charging presented by Ivlev et al. [13] can
accurately reproduce the motion, although the necessary
values of the particle charging rate, ν, and the charge gra-
dient, dQeq/dz, are approximately 10 times larger than
those measured in experiments.
II. METHODS
A. Experimental setup
The experiments were carried out in a conventional
GEC RF reference cell [6, 9, 22] (see Fig. 2 for a sim-
plified schematic rendering). The system consists of a
stainless-steal chamber which encloses a weakly-ionized
cylindrical
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FIG. 2. Experimental setup for imaging particle motion [9].
The particle levitates in the rf sheath above the electrode and
scatters the incoming laser light so it can be imaged with the
high-speed camera. The vacuum system has ports so that the
particle dispenser and Langmuir probe can be manipulated
externally.
argon plasma and the particles. We used both melamine-
formaldehyde (MF) with nominal diameters of 8, 9.46,
and 12.8 µm, as well as silica particles with a nominal
diameter of 6.27 µm. The plasma was generated by a
rf power-supply (operating at 13.56 MHz) capacitively-
coupled to an aluminum disk (diameter = 15 cm) elec-
trode near the bottom of the chamber. A particle reser-
voir was suspended over the electrode by a movable arm.
The arm passes through the chamber wall, allowing the
user to gently shake the reservoir and dispense a small
quantity of particles into the plasma. A ring electrode 6
mm in height running along the edge of the disk elec-
trode provides horizontal, electrostatic confinement to
the grains. We denote the negative bias developed on
the electrode as φdc.
As mentioned above, both the the particles and the
electrode acquire net negative surface charges. The par-
ticles levitate above the disk electrode at the position
where the vertical electrostatic force balances the grav-
itational force. This position typically corresponded to
a few millimeters below the edge of the sheath (at the
transition to the pre-sheath). The thickness of the sheath
varied inversely with pressure, and was typically 1-2 cm.
Although the drag force from the accelerated ions in the
plasma sheath can contribute to this vertical force bal-
ance, our estimates of this force in our experimental con-
ditions (see section III C) suggests that ion drag forces
may be safely ignored.
The self-induced vertical oscillations are commonly
studied in a system consisting of large number of parti-
cles. In order to avoid any collective effects, in the present
work, we focused on characterizing the dynamics of a
single levitated grain. A system comprising an individual
suspended particle (see Fig. 2) was produced by reducing
the rf power supply’s duty cycle (in essence, pulsing the
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FIG. 3. (a) Schematic of the compensated Langmuir probe used to characterize the plasma environment. See text for a
detailed description. (b) Photograph of the Langmuir probe near the sheath boundary. The scale bar is 10 mm.
plasma), causing some of the suspended grains to fall out
during the “off” portion of the period. The duty cycle was
returned to 100% once all but one grain were removed.
We verified the presence of a single isolated grain by scan-
ning a laser sheet through the chamber. Two variables
were then adjusted to produce vertical oscillations: the
gas pressure and the rf power delivered to the gas. We
use φdc (as measured by a high-impedance electrometer)
as a proxy for the plasma power. Previous studies [9]
reported the occurrence of vertical oscillations in this ex-
perimental setup at pressures < 1 Pa and bias voltages
in the range between -6 and -20 V. Here, we attempt to
elucidate the origin of vertical oscillations under similar
conditions.
We employed two principal instruments to characterize
the particle’s dynamics and the plasma environment: a
high-speed camera (Phantom v7.11, Vision Research) to
record the dynamics of the particle and 2) a custom-
built, compensated Langmuir probe to assess the plasma
environment. To visualize the grain, we illuminated it
with a 100 mW vertical laser sheet (632 nm) created by
passing the beam through a cylindrical lens. The camera
was configured to record at 1000 frames per second.
B. Langmuir Probe
The design of the Langmuir probe is described
schematically in Fig. 2. We note that all probe mea-
0 5431 2
-60
-50
-40
-30
-20
-10
Frequency [MHz]
Po
we
r[
dB
]
13.56 MHz 27.2 MHz
FIG. 4. Frequency response of the Langmuir probe, as mea-
sured with a network analyzer, showing high impedance at
13.56 MHz and 27.2 MHz.
surements were conducted with the particles absent from
the system to ensure we were characterizing only plasma
parameters. In its most basic form, a Langmuir probe
consists of a thin wire with radius rP inserted into the
plasma and then biased to some potential φb relative
to a reference node (here, the grounded chamber wall).
The potential difference between the biased probe and
4plasma produces a sheath around the probe, resulting
in a current flow through the probe which carries infor-
mation regarding the plasma environment, namely ion
density. Our probe design makes use of “low pressure
theory,” which implicitly assumes that rP << λD and
λD << λmf, where λD is the Debye length and λmf is the
ion mean free path [23]. For the plasma system described
above, λD . 1 mm, and λmf ∼ 10 mm.
The theory of Langmuir probes has been addressed
in great detail in other works [23–26], however it is
worthwhile to briefly recall some key principles. When
the probe has sufficient negative bias in relation to the
plasma, a sheath around the probe effectively repels elec-
trons and the current to the probe is the result of ions
that random-walk past the sheath boundary. As the
probe potential is made more positive, the ratio of elec-
trons to ions collected by the probe increases, generating
an electron retardation current. At some probe potential
φf the number of ions arriving at the probe equals the
number of electrons and the current through the probe
goes to zero. This floating potential is characteristic of
the equilibrium charge gained by objects immersed in the
plasma, such as particles. Above the ion saturation cur-
rent, the electron current through the probe grows expo-
nentially because of the exponential form of the Maxwell-
Boltzmann electron velocity distribution in the plasma:
Ie(φb) = Ies exp
e[φb − φs]
kBTe
. (1)
In Eq. 1, e is the elementary charge, Te is the electron
temperature, and kB is Boltzmann’s constant. However,
above the space potential φs the current no longer in-
creases at an exponential rate. Here, current increase is
solely due to an expanding collection region around the
probe. This transition point is representative of the lo-
cal plasma potential (φp) when the probe is isolated in
the bulk plasma. At probe voltages larger than φs, the
electron saturation current Ies is reached and is given by:
Ies = eneA
(
kBTe
2pime
)1/2
(2)
where A is the exposed area of the probe, ne is the elec-
tron number density, and me is the electron mass.
Physically, the probe is a tungsten wire (rP = 50 µm)
housed within a borosilicate glass tube (outer diameter
6.35 mm). Only a length of 5 mm of the wire is ex-
posed horizontally to the plasma (see Fig. 3). All vac-
uum seals were made with TorrSeal epoxy. Because the
plasma is generated by an rf source, the plasma param-
eters vary in conjunction with source. Thus, we com-
pensated our probe based on the design of Chen [27].
In essence, compensation involves forcing the probe to
follow the plasma’s AC component so that the voltage
drop across the probe sheath (φb−φs) remains constant.
Thus, we increased the probe’s impedance to ground at
13.56 MHz and the first harmonic (27.2 MHz) using two
resonant tank circuits in series. Additionally, an auxil-
iary electrode capacitively-coupled to the probe tip was
required to ensure that the rf sheath impedance is lower
than the impedance to ground. The auxiliary electrode
has a much larger area than the probe tip and was placed
coaxially with the probe tip. The frequency response of
the compensated probe is rendered in Fig. 4, showing
resonances at 13.56 and 27.2 MHz.
III. RESULTS AND DISCUSSION
A. Single-particle oscillations
At elevated gas pressures and plasma powers, a particle
suspended in the plasma remains stationary at the point
where the electrostatic force balances that of gravity. As
mentioned previously, once the pressure is reduced be-
low some threshold, the particle undergoes spontaneous
vertical oscillations. However, we found that the pre-
cise value of the pressure threshold actually depends on
the bias voltage on the electrode. The combinations of
plasma power and gas pressure at which oscillations start
for different particle compositions and sizes are shown in
Fig. 5a. Notice that as the plasma power is reduced,
the onset of the vertical oscillations occurs at higher gas
pressures. It is worthwhile to mention that the range
of pressure at which the particles oscillate is quite nar-
rower than the range of bias voltages, implying that the
oscillations are more strongly dependent on gas pressure,
P , than the sheath potential. To illustrate this point
in greater detail, we measured the oscillation amplitude
for a 9.46 µm MF particle as a function of both P and
φdc (Fig. 5b). For a given bias voltage, the transition
between the stationary and oscillatory regimes occupies
a very narrow pressure range. Indeed, by lowering the
plasma pressure by only a few tenths of a Pascal, the par-
ticle oscillation amplitude increases from 0 µm to 10,000
µm (corresponding to a length scale equivalent to 1000
times the particle diameter).
While reports of spontaneous vertical oscillations of
particles in plasmas are copious in the literature [12, 13,
15–18], the oscillations we observe in our experiments
differ from these in two fundamental ways. Firstly, the
amplitudes of the oscillations are more than 10 times
larger than those reported in previous studies. At very
low pressures and plasma powers, particles suspended
in our plasma chamber undergo vertical excursions of
several millimeters (sometimes, even exceeding 1 cm),
whereas previous experiments produced oscillations not
much greater than several 100s of microns. Also, the par-
ticle oscillation is particularly asymmetric at large am-
plitudes. Figure 6 shows the maximum and minimum
position of an MF particle as a function of pressure for
three different bias voltages. As the pressure is lowered,
the Debye screening length increases and the equilibrium
position of the particle increases. The strong asymmetry
of the motion about the equilibrium position reflects the
highly nonlinear the variation in the electric field in the
sheath.
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FIG. 5. (a) The pressure-bias voltage combinations under which particles of different sizes and material composition begin to
oscillate. (b) The amplitude of oscillation as a function of pressure and bias voltage for an MF particle with a diameter of 9.46
µm.
Secondly, the single-particle oscillation displays a regu-
larity in both amplitude and frequency not seen in previ-
ous work. A time series of the vertical position of a single
MF particle (9.46 µm) is shown in Fig. 7a. The regular-
ity in the amplitude is striking and it persists for min-
utes. As will be discussed, this regularity strongly sug-
gests that stochastic variations in the charge or plasma
environment are not responsible for driving the parti-
cle motion. The oscillation is visibly asymmetric. The
particle spends more time in the upper part of the mo-
tion than deep in sheath. Additional information can be
gained from analyzing the spectral content of the parti-
cle’s trajectory. A power spectrum of the particle motion
is shown in Fig. 7b. Note that while most of the energy is
concentrated in the ≈ 7 Hz fundamental, the oscillations
display activity across odd and even harmonics. In other
words, the motion of the particle is not strictly sinusoidal
and it exhibits considerable anharmonicity.
B. The plasma environment
Another mechanism that has been suspected to induce
the low-pressure vertical oscillations is temporal inhomo-
geneities in the plasma [18], which is particularly relevant
for dc plasma discharges. We used a Langmuir probe to
characterize the floating potential φf, the plasma poten-
tial φp, and the spectral composition of the bulk plasma
in the frequency range most relevant to the motion of
the particles. The current-voltage characteristics for our
Langmuir probe are shown in Fig. 8a for a pressure of 1.02
Pa and φdc = -6, -16, and -20.6 V. The voltage on the
probe φb was swept between -10 and 40 V. The dashed
vertical lines indicate the points where the current in the
Langmuir probe was 0 A, representative of the floating
potential φf for each of the three electrode voltages. For
φdc = -6 V, φf ≈ 20 V, while for φdc = -16 V and -20.6
V the floating potential is closer to 18 V.
As mentioned above, when the voltage applied to
the Langmuir probe is raised above a threshold φs, the
current no longer increases exponentially and increases
slowly as the collection region around the probe expands.
This space potential can be found by differentiating the
I-V characteristics in Fig. 8a and locating a change in
slope (Fig. 8b). For φdc = -6 V, φs ≈ 24 V; for φdc = -16
and -20.6 V, φs ≈ 26 V. The floating potential is defined
at the point where Iion = Ie, where Ie is given by Eq. 1.
For the current study, we estimate I ion from the Bohm
current [25]:
Iion ≈ nieA2 (kBTe/mi)
1/2, (3)
where mi is the ion mass, and ni is the ion number den-
sity. Equating Eq. 1 and 3 and assuming quasi-neutrality
(ne = ni) leads to:
φf = φp − kBTe2e ln
(
2mi
pime
)
. (4)
For argon, the above equation can be simplified to: φf −
φp ≈ −5kBTe/e (which includes a geometrical correction
factor for a cylindrical probe tip [25]). Thus, for our
experimental conditions, Te is in the range of 0.8 - 1.6
eV.
The Fourier transform of the Langmuir probe current
revealed that the plasma environment is rather homo-
geneous at low frequencies, as expected for rf discharge
plasmas. Figure 9 shows the Fourier transform of voltage
fluctuations measured by the probe in the plasma sheath
for a typical condition where particle oscillations are vis-
ible. Between 0.1 and 1000 Hz, there are no discernible
spectral components that would give rise to particle os-
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FIG. 6. Position of an MF particle (9.46 µm diameter) as a
function of pressure for three different bias voltages: (a) -6,
(b) -16, and (c) -20.6 V. In the three panels, the shaded areas
denote the pressures at which particles oscillate. The upper
and lower dotted lines show the lower and upper limits of the
oscillation.
cillations. Thus, it is unlikely that temporal inhomo-
geneities in the plasma are responsible for the sponta-
neous vertical oscillations observed in our experiments.
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C. Forces on a dust particle
In order to understand the origin of the spontaneous
oscillations, it is necessary to enumerate the forces acting
on a particle in the vertical direction [28, 29]. First, grav-
ity acts on the particle with force Fg = −mpg, where mp
is the mass of the particle and g is the acceleration due
to gravity. For the MF particles used in our experiment
with density ρp = 1510 kg/m3, Fg ≈ −6× 10−12 N. The
electrostatic force acting against gravity is given by
Fe = −Qeq dφs
dz
. (5)
Here Qeq refers to the average charge the particle will
obtain at a given position z in the sheath given sufficient
time. This will later become important when the particle
moves rapidly through the sheath.
The particle will also feel a drag force as it moves
through the background of the neutral gas:
Fd = −γmpvp, (6)
where vp is the velocity of the particle in the z-direction.
The damping rate γ is given by the Epstein law [28]:
γ = δ 2P
apρp
√
2mn
pikTn
. (7)
where mn and Tn are the mass and temperature of the
neutral gas species, respectively. In our experiments with
argon, mn = 6.64× 10−26 kg and Tn = 298 K. The coef-
ficient δ ranges from 1.0-1.44 depending on the nature of
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corresponding to the threshold at which oscillations begin).
The height of the probe above the rf electrode was 40 mm
(in the bulk plasma). The point at which the current crosses
zero indicates the floating potential φf, and the change in
slope indicates the plasma potential φp.
scattering of neutral atoms, namely specular vs. diffuse
reflection. We will assume that δ = 1.25 for simplicity.
For MF particles moving at P = 1.0 Pa, γ = 1.12 s−1.
We also consider the ion drag force from the rapidly
moving ions that are accelerated towards the electrode.
This force has two components, one from the collection
of ions to the particle surface, and one due to the scatter-
ing of ions [30–32]. However, for the plasma conditions in
our experiments, this force is more than an order of mag-
nitude smaller than the gravitational and electrostatic
force [32]. We note that although the ion drag force de-
creases with the ion velocity in some regimes, which can
give rise to an effective “negative damping” and sponta-
neous oscillations [29], the size of this effect is 3 orders of
magnitude too small to explain the oscillations.
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FIG. 9. Fourier transform of voltage fluctuations from the
Langmuir probe at 15 mm above the electrode. The probe was
biased to ground (0 V), and the pressure was 0.6 Pa. The gray
region depicts the typical frequencies of particle oscillations.
D. Estimate of particle charge
From the Langmuir probe measurements, we can pro-
vide a zeroth order estimate for the charge on a parti-
cle at its equilibrium height (at conditions just prior to
the onset of oscillations). Figure 10a shows the floating
potential φf as a function of height above the electrode
in low-pressure conditions. The transition between the
sheath and the slowly-varying pre-sheath is clearly vis-
ible. The total electric force on a particle, however, is
determined by gradients in the space potential φs, not
the floating potential. Thus, we assume that:
φs = φf − Qeq4pi0ap , (8)
where ap is the radius of the particle and 0 is the per-
mittivity of free space. We also assume that the equi-
librium charge on the particle can vary with height, i.e.
Qeq = Qeq(z). With this assumption, we have two equa-
tions that must be satisfied:
−Qeq dφs
dz
= mpg, (9)
d
dz
(
Qeq
dφs
dz
)
=mp(2pif0)2, (10)
where f0 is the angular frequency of oscillation. The
derivatives are evaluated at the equilibrium position of
the particle, z0. The space potential will vary with po-
sition based on the floating potential and equilibrium
charge. For the variation of φf , we fit cubic polynomials
to the data near the equilibrium position, as shown in the
inset to Fig. 10. The fits accurately represent the varia-
tion in the data and allows us to compute the first two
derivatives. For simplicity, we assume a linear variation
in the equilibrium charge, Qeq = Q0 +Q′(z − z0).
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FIG. 10. (a) Floating potential φf vs. height above the elec-
trode at P = 0.6 Pa for an 9.46 µm MF particle. The equi-
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mental oscillation frequency based on the model presented in
section IIID
Thus, given a typical fundamental frequency, f0, we
can calculate Q0 and Q′ = dQeq/dz. The result is shown
in Fig. 10b-c. For the typical frequencies of oscillation
that we see in our experiments (f0 ≈ 7 Hz, Fig. 7), we
estimate that −Qeq/e = 3 × 104 to 6 × 104 electrons.
This corresponds to a floating potential on the particle
of -9 to -18 Volts. This is reasonable, and agrees with
other recent experiments under similar conditions [33].
From this model, the gradient in the equilibrium charge
is positive, and is of order 0.7 × 10−12 C/m. This cor-
responds to a change of ∼ 4400 electrons per millimeter.
We note that dQeq/dz > 0 is necessary to produce ver-
tical oscillations through a delayed charging mechanism.
This also agrees with predictions of Qeq(z) using a self-
consistent fluid model for the electrons and ions in the
sheath [33–35].
E. Stochastic Charge fluctuations
A number of authors have proposed stochastic fluctu-
ations, either of the plasma environment or of the charge
itself as a mechanism to generate oscillations [19]. In ei-
ther case, such fluctuations could turn the particle into a
randomly-forced harmonic oscillator. However, this is in-
consistent with our observations since stochastic forcing
invariably gives rise to large variations in the amplitude
of oscillation. To illustrate this, we used a molecular dy-
namics simulation to investigate the effect of stochastic
charge fluctuations on the vertical oscillations. As men-
tioned previously, the equilibrium position of the particle
is determined through a balance of electrostatic and grav-
itational forces. We also include the neutral drag force
(Eq. 6) and use the following equation for the particle
motion:
mpz¨ = −mpγz˙ −mpg + E(z)Q(t), (11)
where E(z) is the spatially-varying electric field in the
vertical direction. We only consider the linear varia-
tion in the field, given by E(z) = E0 − E′z, where
E0 is the electric field at the equilibrium position and
E′ is the gradient of the electric field. Q(t) is the
time-varying charge on the particle given by Q(t) =
Qeq + δq(t), where δq(t) is a normally-distributed, un-
correlated random variable with zero mean and variance
δq2: 〈δq(t)δq(t′)〉 = δq2f0/δ(t− t′) [36]. Here the funda-
mental frequency is 2pif0 =
√
E′Qeq/mp.
Using the equilibrium condition for the particle levita-
tion mpg = E0Qeq, Eq. 11 simplifies to:
mpz¨ = −mpγz˙ −QeqE′z + δq(t)E0, (12)
Eq. 12 has a conventional Langevin form [37]. Figure
11a shows a typical time series for the oscillation, which
varies in amplitude, unlike our experimental observations
(Fig. 7a). Figure 11b shows the rms amplitude of the
oscillations vs. the normalized rms charge variations,
δQ/Qeq. A typical oscillation amplitude of 1 mm requires
stochastic charge variations of more than 10%, which is
much larger than the
√
N discrete charge fluctuations ex-
pected for particles with thousands of electrons [38]. We
note that stochastic charge fluctuations may also couple
to the finite time it takes a particle to reach its equilib-
rium charge [13], however, this is expected to only be
important for small particles of order 1 µm.
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stochastic charge fluctuations. The parameters used in Eq.
12 are γ = 0.2 s−1 and mp = 7.85× 10−13 kg. (b) Root mean
squared (rms) amplitude of vertical oscillations as a function
of the normalized charge fluctuations.
F. Delayed charging
The experimental data point to a potential mechanism
for the large amplitude oscillations without stochastic
processes. As first introduced by Nunomura et al. [12],
a positive gradient in the equilibrium charge profile can
couple to the finite charging time of the particle and pro-
duce a net positive work during a single oscillation cycle.
A linear stability analysis later showed that the condi-
tion for the inception of the instability is for the effective
damping constant to be negative [13]:
γeff = γ − 12
(
EQ′eq
(QeqE)′
)
ω20
ν
, (13)
where the primes denote differentiation with respect to z
and all quantities are evaluated at the equilibrium posi-
tion. The fundamental angular frequency is ω0 = 2pif0,
and ν is the charging frequency determined by the collec-
tion of ions and electrons on the particle. To linear order,
when γeff is negative, the oscillations will increase expo-
nentially without bound. Obviously the particle oscilla-
tions reach some maximum amplitude, presumably due
to changes in the equilibrium charge profile (i.e. Qeq(z)).
Here we provide a simple model for the potential in the
sheath, the equilibrium charge, and the charging dynam-
ics [13] to produce large amplitude oscillations and di-
rectly compare with the experimental measurements.
We model the vertical motion of a single, charged par-
ticle in a 1D spatially-varying electric field with a time-
dependent charge [13, 39]. The equation of motion for
the particle’s vertical position is:
mpz¨ = −mpγz˙ −mpg + E(z)Q(t), (14)
where E(z) is the spatially-varying electric field in the
vertical direction and Q(t) is the time-varying charge on
the particle. The vertical position of the particle is z(t),
where z = 0 is the equilibrium position determined by
electrostatic and gravitational forces.
The charge on the particle follows a simple exponential
decay towards its equilibrium value:
Q˙ = −ν(Q−Qeq(z)), (15)
In the limit ν/ω0 → ∞, the particle always remains at
the position-dependent equilibrium charge, Qeq(z), and
a closed path of motion can only result in zero net work
done on the particle. However, even if ν/ω0 ≈ 100, this is
still sufficient to cause large-amplitude oscillations, pro-
vided that Q′eq(z) > 0 and sufficiently large.
In order to quantitatively interpret the experimental
data for a single particle oscillation, we require a spatial
model for the electric field in the sheath, E(z), and the
equilibrium charge on the particle, Qeq(z). We assume
perhaps the simplest model for E(z) by using the Child-
Langmuir law:
E(z) = 4φw(1− z/zs)
1/3
3zs(1− zw/zs)4/3 , (16)
where φw = φdc − φp is the potential on the conducting
wall relative to the plasma potential, zw is the position of
the wall, and zs is the position of the boundary between
the sheath and the pre-sheath. The equilibrium charge
should be nearly constant in the bulk plasma (z > zs),
and transition to a regime where Q′eq(z) < 0 near the
negatively-charged wall due to the exponential depletion
of electrons. For simplicity and reducing the number of
model parameters, we choose a simple cubic function for
the equilibrium charge:
Qeq(z) =mpg
3zs (1− zw/zs)4/3
4φw
(17)
+Q′eq(0)z −
Q′eq(0)z3
3z2s
.
The term that is independent of z results from
E(0)Qeq(0) = mg. The other two terms ensure a positive
slope for the charge at z = 0 and zero slope at z = ±z0.
We assume that the equilibrium charge is constant above
and below these values, i.e. Qeq(z) = Qeq(z0) for z > z0
and Qeq(z) = Qeq(−z0) for z < −z0. In order to fit ex-
perimental data, it is useful to express our model using
the fundamental frequency of oscillation. Thus, we also
require that the fundamental frequency for small ampli-
tudes is:
ω20mp =
d (E(z)Qeq(z))
dz
∣∣∣∣
z=0
, (18)
10
0 5 10 15 20 25 30 35 40 45 50
10
-6
10
-4
10
-2
10
0
10
2
10
4
10
6
a
m
p
lit
u
d
e
 [
a
rb
. 
u
n
it
s
]
frequency [Hz]
 experiment
 model
0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40
-12
-8
-4
0
4
8
12
z
-p
o
s
it
io
n
 [
m
m
]
time [s]
 experiment
 model
a
b
-6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6
-60000
-40000
-20000
0
Q
e
q
/e
z-position (mm)
c
FIG. 12. (a) Equilibrium charge (number of electrons) as a
function of z for the delayed charging model. The equilibrium
position of the particle is z = 0, and the edge of the sheath is
approximately z = 1.54 mm. (b) Vertical position of a single
MF particle (9.46 µm diameter) as a function of time (gray
points). The pressure in the chamber was P = 0.6 Pa, and
the bias was φdc = −6 V. The red line is the best fit using
the delayed charging model. (c) Fourier transforms of the
experimental data (similar to Fig. 7b, gray) and the model
output (red).
so that zs = g/3ω20 . The parameters φw, zw, and ω0 can
all be tightly constrained by experimental measurement.
Thus, in order to fit the data, only ν and Q′eq(0) are truly
adjustable parameters.
Results from the fit using a particle with diameter 9.46
µm, φw = −30 V (φdc = −6 V), γ = 0.68 s−1, and
f0 = ω0/2pi = 7.32 Hz. First, perhaps not surprisingly,
the equilibrium charge in the model shown in Fig. 12a,
which is constrained by measurements of the equilibrium
position of the particle from the wall and the fundamental
frequency, are in excellent agreement with our estimates
of the particle charge from the Langmuir probe measure-
ments shown in Fig. 10a. This provides confidence in the
model, and allows for a quantitative estimate of the par-
ticle charge, the charging time, and the spatial variation
of the equilibrium charge.
Moreover, the model provides an excellent fit to large-
amplitude oscillation data, as shown in Fig. 12b. We fit
the data by solving Eqs. 14 and 15 with initial conditions
z(0) = 2 mm, z˙(0) = 0 mm/s, andQ(0) = 0 C using built-
in routines in Mathematica, then fit the solution with
a few cycles of the experimental data once the solution
has reached a steady-state value (usually after t ≈ 30 s).
The arbitrary phase offset between the solution and the
experiment is automatically adjusted to maximize the
quality of the fit. We obtain similar fits for all of our
oscillation data.
One important observation is that the plasma sheath
ends at z = zs ≈ 1.54 mm (Fig. 12a). However, the
maximum vertical position is larger that 10 mm. This
means that for much of the cycle of motion, the particle
is essentially in free fall, with the addition of drag from
the neutral gas. As the particle descends further into
the sheath, both the magnitude of the electric field and
the charge increase, so the total upward force increases
significantly, leading to a sort of “bouncing” effect. This
explains the strong asymmetry of the motion, and the
presence of multiple harmonics in Fig. 12b. The model
is able to quantitatively capture the entire shape of the
Fourier spectrum with no adjustable parameters.
Our nonlinear regression procedure uses the sum of
the squares of the residuals (χ2) as a quality of the fit.
We can produce estimates of the errors in ν and Q′eq(0)
by holding one parameter fixed, and minimizing with re-
spect to the other. The 95% confidence interval for the
best fit parameters in Fig. 12 are ν = 1580 ± 80 s−1, and
Q′eq(0) = 4.4 ± 0.3 × 10−12 C/m. Thus the characteris-
tic charging time for the particle is ν−1 ≈ 630 µs, which
quite large, but not unrealistic given the environmental
conditions (low pressure, low ion and electron density,
and relatively low Te), and is in agreement with estimates
of the charging time that accounts for these conditions
[40]. This slow charging time, coupled with the gradient
in the equilibrium charge, is essentially why the particle
oscillation amplitude can become so large in our experi-
ments.
The gradient in the equilibrium charge, dQeq/dz at
the equilibrium position z = 0, is approximately 8 times
larger in the dynamical model (Fig. 12a) than the ex-
perimental measurements suggest (Fig. 10c). The dis-
crepancy is significant, but may be due to some of the
basic assumptions of the model. For example, we use
the Child-Langmuir model for the sheath, but more re-
alistic fluid models deviate significantly from this [33–
35]. Samarian et al. [15] used the sheath model from
Vladimirov and Cramer [41] where the ions are governed
by continuity and momentum conservation, but ignores
other diffusive processes considered in fluid models [33–
35]. One takeaway from our results is that without exper-
imental characterization of the sheath, a full understand-
ing of the source of vertical oscillations in a particular
environment may be challenging.
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IV. CONCLUSION
The spontaneous oscillations of micron-sized parti-
cles in a plasma sheath has been a topic of active re-
search for more than 20 years. However, multiple, dis-
parate mechanisms have been invoked to explain their
origin. Although it may be that not all oscillations share
the same initiation mechanism, many observations have
shown that the oscillations begin below a threshold pres-
sure where the effective damping becomes exceedingly
small. Using a combination of high-speed video, Lang-
muir probe measurements, and numerical modeling, we
investigated the largest-amplitude oscillations reported
to date. The peak-to-peak amplitude can reach more
than 2 cm, is strongly anharmonic, and has a remarkably
consistent amplitude over minutes timescale. The Lang-
muir probe measurements suggested that the plasma en-
vironment is quite stable at frequencies below 1000 Hz,
and the consistency of the oscillations pointed toward
a non-stochastic origin for the input of energy into the
particle motion. Although our model of delayed charg-
ing was able to reproduce the motion of the particle with
exquisite accuracy, the model’s necessary gradient in the
equilibrium charge on the particle is approximately 8
times larger than experimentally measured values.
We suspect that any mechanism that leads to an effec-
tive “negative damping” can give the particle a kick in the
sheath and will produce oscillations consistent with our
observations. Delayed charging is the most likely candi-
date, but more direct measurements of the charging time
would confirm this. We note that not all oscillations may
be the same. For instance, Samarian et al. [15] observed
oscillations in multi-particle layers for pressures as high
as 5 Pa. Taking together the collective set of observa-
tions and corresponding models over the last 20 years,
we emphasize that a good model for the ion and elec-
tron densities and velocity distributions in the sheath is
extremely important, considering their influence on the
local potential and charging dynamics. The gradient in
the equilibrium charge is quite sensitive to the choice of
model and is crucial for the delayed charging mechanism.
The collective influence of multiple particles undergoing
spontaneous oscillations remains an open question since
the local plasma environment is affected by the density
of particles. This is left for future work.
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